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Unila te ra l Laplace  Trans form 
The unilateral Laplace transform of the  s ignal x, denoted UL { x}  or X , 

is  defined as  

X (s ) = 
{  ∞ 

0−  
 

The unila teral Laplace  transform is  re la ted to the  bila teral Laplace  

transform as  follows : 

x(t)e−st dt. 

UL { x} (s ) = 
{  ∞ ∞ 

0−  
x(t)e−st dt =  

{  
x(t)u(t)e−st dt =  L { xu}  (s ).  

−∞  

In other words, the  unila teral Laplace  transform of the  s ignal x is  s imply 

the  bila teral Laplace  transform of the  s ignal xu. 
 

Since  UL { x}  =  L { xu}  and xu is  a lways  a  right-sided s ignal, the  ROC 

associated with UL { x}  is  a lways  a  right-half plane. 

For this  reason, we often do not explicitly indicate the ROC when 

working with the  unila teral Laplace  transform. 
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Unila te ra l Laplace  Trans form (Continued 1)  

With the  unila teral Laplace  transform, the  same inverse  transform 

equation is  used as  in the  bila teral case . 

The unila teral Laplace  transform is  only invertible for causal signals. In 

particular, we have  
 
 

UL−1{ UL { x} } (t) =  UL−1{ L { xu} } (t) 
 

= L−1{ L { xu} } (t) 
 

= x(t)u(t) 

=  

 
x(t) for t >  0 

 

0 for t <  0.  

For a  noncausal s ignal x, we can only recover x for t >  0.  
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Unila te ra l Laplace  Trans form (Continued 2)  

Due to the  close  re la tionship between the  unila teral and bila teral Laplace  

transforms, these  two transforms have  some s imilarities  in their properties . 
 

Since  these  two transforms are  not identical, however, their properties  

differ in some cases, often in subtle  ways . 
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Properties  of the  Unila te ra l Laplace  Trans form 

Property Time  Domain Laplace  Domain 

Linearity 

Laplace-Domain Shifting 

Time/Frequency-Domain Scaling 

Conjugation 

Time-Domain Convolution Time-

Domain Differentia tion Laplace-

Domain Differentia tion Time-

Domain Integra tion 

a1x1(t) +  a2x2(t) 

es0t x(t) 

x(at), a >  0 

x∗(t) 

x1 ∗ x2(t), x1 and x2 are  causa l 

a1X1(s) +  a2X2(s) 

X (s − s 0)  
1 X 

  s    
a a 
X ∗(s∗) 

X1(s)X2(s) 

sX (s) − x( 0−)  d x(t) dt 
−tx(t) d X (s) ds { t 

0−  x(τ)dτ 1 X (s) s 

Property 

Initia l Value  Theorem x(0+ ) =  lim sX (s) 
s →∞  

Final Value  Theorem lim x(t) =  lim sX (s) 
  t →∞  s→ 0  
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Unila te ra l Laplace  Trans form Pa irs  

  Pair  x(t ), t ≥ 0  X (s )  

1 δ(t) 
 

2 1 
 

3 tn 

4 e−at 
 

5 tne−at 
 
 

6 cos ω0t 
 

7 sin ω0t 
 

8 e−at cos ω0t 
 

9 

1 
 

1 
s 

 

  n!   
sn+ 1 

 1    
s+ a 

  n!   
(s+ a)n+ 1 

s 
s2+ ω2 

0 
ω0 

s2+ ω2 
0 

s+ a 
(s+ a)2+ ω2 

0 

e−at sin ω0t ω0 

(s+ a)2+ ω2 
   0  
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Solving Diffe rentia l Equa t ions  Us ing the  Unila te ra l 

Laplace  
Trans form 

Many sys tems of interes t in engineering applications  can be  characterized by 

constant-coefficient linear differential equations. 
 

One common use  of the  unila teral Laplace  transform is  in solving 

constant-coefficient linear differentia l equations  with nonzero initia l 

conditions. 
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Part 7 
 

 
 
 

Dis crete-Time (DT) Signals  and Sys tems  
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Section 7.1 
 

 
 
 

Independent- and Dependent-Variable  Trans formations  
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Time Shifting (Trans la t ion) 

Time shifting (a lso called translation) maps  the  input s ignal x to the  

output s ignal y as  given by 
 
 

y(n) =  x(n − b), 
 
 

where  b is  an integer. 
 

Such a  transformation shifts  the  s ignal (to the  left or right) a long the  time 

axis. 

If b >  0, y is  shifted to the right by |b|, re la tive  to x (i.e., delayed in time). If 

b <  0, y is  shifted to the left by |b|, re la tive  to x (i.e., advanced in time). 
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Time Shifting (Trans la t ion): Example  

−4 −3 −2 −1 0 2 3 

x(n) 
 
 
3 
 
 

2 
 
 

1 

1 
n 

4 

−4  −3  −2  −1  0 2 3 

1 

1 

2 

n 
4 

x(n − 1)  

3 

−4  −3  −2  −1  0 2 3 

1 

1 

2 

n 
4 

x(n +  1)  

3 

Version: 2016-01-25 



Time Reversa l (Reflection) 

Time reversal (a lso known as  reflection) maps  the  input s ignal x to the  

output s ignal y as  given by 
 
 

y(n) =  x(−n). 
 
 

Geometrically, the  output s ignal y is  a  reflection of the  input s ignal x about 

the  (vertical) line  n =  0. 

−3 −2 −1 0 2 3 

1 

1 

2 

x(n) 

3 

n 
−3  −2  −1  0 2 3 

1 

1 

2 

x(−n) 

3 

n 
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Downsampling 

−4 −3 −2 −1 0 2 3 

1 

1 

2 

n 
4 

Downsampling maps the  input s ignal x to the  output s ignal y as  given by 
 
 

y(n) =  x(an ),  
 
 

where  a is  a  strictly positive integer. 
 

The output s ignal y is  produced from the  input s ignal x by keeping only 

every ath sample  of x. 
 
 

x(n) x(2n) 

3 

−4  −3  −2  −1  0 2 3 

1 

1 

2 

n 
4 

3 
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Combined Independent-Variable  Trans format ions  
Consider a  transformation that maps  the  input s ignal x to the  output s ignal 

y as  given by 
 

 

y(n) =  x(an − b), 
 

 

where  a and b are  integers  and a j=  0. 

Such a  transformation is  a  combination of time shifting, downsampling, 

and time reversal operations. 
 

Time reversal commutes with downsampling. 

Time shifting does not commute with time reversal or downsampling. 

The above transformation is  equivalent to: 

1 firs t, time  shifting x by b; 

2 then, downsampling the  re sult by |a| and, if a <  0, time  reve rs ing a s  we ll. 

If  b  is  an integer, the  above transformation is  a lso equivalent to: 
a 
1 firs t, downsampling x by |a| and, if a <  0, time  reve rs ing; 

2 then, time  shifting the  re sult by  b  .  a 

Note  that the  time shift is  not by the  same amount in both cases . 
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Section 7.2 
 

 
 
 

Properties  of S ignals  
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